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Motivation

Busemann function:
e Major tool in geometry (Busemann, 1955; Bridson and Haefliger, 2013)
e Many applications in Machine Learning (Chami et al., 2021; Ghadimi Atigh et al.,

2021; Bonet et al., 2023; Berg et al., 2024)
— PCA, Classification, Projections...

e Applications restricted to finite dimensional spaces

Space of probability distributions:

e Datasets of Distributions
— Documents (Kusner et al., 2015), point clouds (Geuter et al., 2025), images
(Rubner et al., 2000), single-cells (Bellazzi et al., 2021)
— Labeled distributions (Alvarez-Melis and Fusi, 2020), Gaussian mixtures
(Delon and Desolneux, 2020)...

¢ Rich geometry with Optimal Transport (Ambrosio et al., 2008)
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Geodesic Metric space (Bridson and Haefliger, 2013)

Let (X, d) be a metric space.

e Let 2,y € X. A continuous map 7 : [0,1] — X is a (constant-speed) geodesic
between x and y if

7(0) ==

(1) =y

Vt, s €[0,1], d(v(t),¥(s)) = |t — s|d(z,y)
— 7 minimizes the length between x and y

e (X,d) is a geodesic metric space if any two points are joined by a geodesic

M
§
. exp, (1)
y [
X M

X =R, d(z,y) = ||lz — yll2, X =541

X =M, y(t) = exp, (tv)
yit)=(1—-t)z+ty
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Geodesic Lines and Rays
Let v: [0,1] — X be a geodesic, k& = d(7(0),7(1)) its speed.

e Geodesic line: extension of v to R such that
Vt,s € R, d(v(t),7(s)) = Klt — 5]

e Geodesic ray: extension of 7 to [0, +oo[ such that

Vt, s € [0, 400, d(v(¢),7(s)) = k|t — s

Vs,t € R, v(t) = (1—t)z+ty No geodesic ray or line
ﬁ%\



Sufficient Conditions for Geodesic Rays?

e Curvature <0 < forallz € X, t € [0,1],

& (z,7(t)) < (1= t)d?(,7(0)) + td? (2, 7(1)) — (1 — £)d2 (7(0), (1))

— geodesics are geodesics lines
e Curvature >0 < forallz € X, t€[0,1],

d? (a:,y(t)) > (1 —t)d? (x,'y(O)) + td? (a:,'y(l)) —t(1—t)d? (7(0),7(1))

— no guarantees

Negatively curved No curvature Positively curved



Examples of Non-Positively Curves Spaces
e Euclidean spaces (R, || - ||2): Vz € RY, (parallelogram rule)

[z =115 = 1 = )]l =5 (O)[I3 + tllz = (D)3 = t(1 = 1)[[7(0) = ~(1)II3
e Hyperbolic spaces: L = {(zo,...,2z4) € R, (z,2). = -1, z > 0},
d

dL(l’, y) = arccosh( - <.Z', y>L)7 <.’IJ, y)L = —ToYo + Z ZiYi
i=1

Geodesic: Vt € R, 7(t) = cosh(|[v[|L)z + sinh(t||v]|L) 7
— (constant) negative curvature



Busemann Function
Let (X, d) be a geodesic metric space and 7 : [0, +oo[— X be a geodesic ray.

Busemann function associated to 7:

Vo € X, BY(z) = lim d(=z,~(t)) —d((0),7(t))

t——+o0

= lim d(z,v(t)) —t-d(v(0),~(1))

t——+oo




Busemann Function
Let (X, d) be a geodesic metric space and 7 : [0, +oo[— X be a geodesic ray.

Busemann function associated to 7:

For X =RY, ~(t) = z¢ + tv, mg,v = 1 — 79 € RY,

d(z,7(t)) — d(v(0),7(#)) = [lz — zo — tvlla — [lzo — o — tv]l2

2
= tlvllzy 1 = == (0,2 = @o) +o(t~1) = t[lv]l2
vl

1 _
— to]l (1 I 1)) ~tlolls
Tk

- —<x—xo,ﬁ>+o(1)

— B(z) =~ <x — 0 W>




Busemann Function on R?

On R%: for ¥(t) = x¢ + tv with xg,v € R?,

Ve e RY, B(x) = — <x — o, L>
[[0]l2

e B7Y(x): coincides with the coordinate of the geodesic projection (up to a sign)

. 2 /v
t= arsgergln Hm — (zo + sv)”2 = <m Zo, ||v||2>

— Projection: y(—B7(x))
o Level sets of BY are hyperplanes orthogonal to v




Busemann Function on R?

On R%: for ¥(t) = x¢ + tv with xg,v € R?,

Ve e RY, B(x) = — <x — o, L>
vl

e B7Y(x): coincides with the coordinate of the geodesic projection (up to a sign)

. 2 /v
t= arsgergln |z — (zo0 + sv)||2 = <m Z0, ||v||2>

— Projection: y(—B7(x))
o Level sets of BY are hyperplanes orthogonal to v

— What about on other spaces?




Busemann Function on Hyperbolic Space
Let z° = (1,0,...,0) € R¥*Y v € T,oL? N S,

vz € LY, BY(z) =log (— (z,2° +v)L)

— different from geodesic projection (Bonet et al., 2023)

Horospheres: Levels sets of B7: (BY)~1({t}) forall t € R
— Second generalization of hyperplanes

Projections along geodesics Projections along

submanifolds horospheres
ﬁz



Applications in Machine Learning

e Busemann used as a projection
o HoroPCA (Chami et al., 2021)
— Project on a geodesic subspace along horospheres
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(a) PGA (average distortion: 0.534) (b) HOROPCA (average distortion: 0.078)

From (Chami et al., 2021)
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Applications in Machine Learning

e Busemann used as a projection
o HoroPCA (Chami et al., 2021)
— Project on a geodesic subspace along horospheres
o Sliced-Wasserstein on Cartan-Hadamard manifolds (Bonet et al., 2023, 2025a)
— Project on geodesics with the Busemann function

exp, (tvy)




Applications in Machine Learning
e Busemann used as a projection
o HoroPCA (Chami et al., 2021)
— Project on a geodesic subspace along horospheres
o Sliced-Wasserstein on Cartan-Hadamard manifolds (Bonet et al., 2023, 2025a)
— Project on geodesics with the Busemann function
e Busemann used for alignments
— Embedding with prototypes (Ghadimi Atigh et al., 2021)

deer




Applications in Machine Learning
e Busemann used as a projection
o HoroPCA (Chami et al., 2021)
— Project on a geodesic subspace along horospheres
o Sliced-Wasserstein on Cartan-Hadamard manifolds (Bonet et al., 2023, 2025a)
— Project on geodesics with the Busemann function
e Busemann used for alignments
— Embedding with prototypes (Ghadimi Atigh et al., 2021)
e Busemann used for classification (Fan et al., 2023; Doorenbos et al., 2024; Berg
et al., 2024, 2025)
— SVM, Random Forests, Logistic Regression...

From (Berg et al., 2024)
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Datasets of Distributions

Histograms (e.g. age distributions of countries, financial assets...)

e Documents: distributions of words (Kusner et al., 2015)

Cells: distributions of genes (Bellazzi et al., 2021)

Embedding of words in Gaussian distributions (Vilnis and McCallum, 2015)

Population P id by Count Obama speaks to the media in Illinois
0.05 opuration Fyramid by ~ountry vs The president greets the press in Chicago
greets
0.04 Obama ®
9 °
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E President
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Wasserstein Geometry (Ambrosio et al., 2008)

Definition (Wasserstein distance)

Let u, v € Po(R?) and denote by II(u, v) the set of coupling between p,v. Then,

the Wasserstein distance is

) = / Il — 92 dv(z, ),
yEI(p,v)

with Tl(p, v) = {y € Po(R* x RY), wlyy = p, 75y = v}, 7' : (z,y) = z,
w2 (,y) =y

Remainder: For T : RY — RP measurable, X ~ u = T(X) ~ Tyu
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Wasserstein Geometry (Ambrosio et al., 2008)

Definition (Wasserstein distance)

Let u, v € Po(R?) and denote by II(u, v) the set of coupling between p,v. Then,
the Wasserstein distance is

) = / Il — 92 dv(z, ),
yEI(p,v)

with Tl(p, v) = {y € Po(R* x RY), wlyy = p, 75y = v}, 7' : (z,y) = z,
i (z,y) =y

Remainder: For T : RY — RP measurable, X ~ u = T(X) ~ Tyu

Properties:

W, distance, (Po(R?), Wy): Wasserstein space
W2(dz,0y) = [|lz = yll2
Riemannian structure

Geodesic metric space
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Geodesics in Wasserstein Space
Let Iy (1, v) = {7, v € argmin, ey, ) [ Iz —yll3 dv(z,9)}

Geodesics

For uo, pt1 € P2(R?), geodesic = displacement interpolation:

vt e [0,1], p = ((1—t)n' +tx®) ,y for 7y € olho, i)
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Geodesics in Wasserstein Space
Let Iy (1, v) = {7, v € argmin, ey, ) [ Iz —yll3 dv(z,9)}

Geodesics

For uo, pt1 € P2(R?), geodesic = displacement interpolation:

vt e [0,1], p = ((1—t)n' +tx®) ,y for 7y € olho, i)

For all v € Po(R%), t € [0, 1], (Ambrosio et al., 2008)
Wi (e, v) 2 (1= )W3 (ko v) + tW3 (11, v) — t(1 = )W3(kio, p11)

— Positively curved space (PC Space)
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Geodesics in Wasserstein Space
Let HO(:U’7 V) = {’Ya v e argminweﬂ(u,u) f ||$ - y”% d’Y(x’y)}

Geodesics

For po, 11 € P2(R%), geodesic = displacement interpolation:

vt e [0,1], p = ((1—t)n' +tx®) ,y for 7y € olho, i)

For all v € Po(R%), t € [0, 1], (Ambrosio et al., 2008)
Wi (e, v) 2 (1= )W3 (ko v) + tW3 (11, v) — t(1 = )W3(kio, p11)

— Positively curved space (PC Space)

By (Zhu et al., 2021): always at least one geodesic ray starting from pg
— Conditions to extend ¢ +— u; to R;.7?
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1D Wasserstein Space
Let u, v € Pa(R),

e Cumulative distribution function:
V€ R Fult) = ()~ o0,t]) = [ U (o) du(o)
e Quantile function:

Yu € [0,1], Fu_l(u) =inf {z €R, F,(z) > u}

1D Wasserstein Distance
The optimal coupling is v* = (F,; ', F;; ') 4 Unif ([0, 1]), and

W) = [ 10 - B @ du= 1 = B g




1D Wasserstein Space
Let u, v € Pa(R),

e Cumulative distribution function:
V€ R Fult) = ()~ o0,t]) = [ U (o) du(o)
e Quantile function:

Yu € [0,1], Fu_l(u) =inf {z €R, F,(z) > u}

1D Wasserstein Distance
The optimal coupling is v* = (F,; ', F;; ') 4 Unif ([0, 1]), and

W) = [ 10 - B @ du= 1 = B g

Geodesic between 1 and v: Vt € [0, 1],
pe= (L=t +tn?) % = (1 - t)F; 1 +tF, 1), Unif ([0, 1])

= Fl=(1-t)F ' +tF;!
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Geodesic Rays in 1D Wasserstein Space
For 1o, 1 € P2(R), quantile Ft_1 of the geodesic t — pu; characterized as

Vte[0,1], Fil=(1—t)Fy ' +tFy = Fyt +t(Fy - Fy Y.

e Forallt,s € R,
IF = Fo 20y = (6= 9)I1Fs " — FL 1220

— ok if F; !, F! quantile functions, i.e. non-decreasing and left-continuous
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Geodesic Rays in 1D Wasserstein Space
For jg, 11 € P2(R), quantile F, ! of the geodesic ¢ — p; characterized as

Vte[0,1], Fil=(1—t)Fy ' +tFy = Fyt +t(Fy - Fy Y.

e Forallt,s €R,
IF = F 2200 = (=) 1F = Fr 207
— ok if F; !, F! quantile functions, i.e. non-decreasing and left-continuous

e Forallt>0,0<m<m <1,

F N (m) — F7N(m') = Fy ' (m) — Fy H(m')
+t(Fy N (m) — Fy Y (m) — (Fy N (m') — Fg '(m/))) <0

Proposition (Kloeckner, 2010)

t — g is a geodesic ray if and only if F1_1 — FO_1 is non-decreasing.




[[lustrations - 1D Gaussian Case
Let po = N (mo,03), p1 = N(ma,0}), ¢! quantile function of A/(0,1).

= Fyl=mo+o0p™t Fy ' =my +o167?
— Vt € [O, 1], e = N((]. - t)mo +tm1, ((1 - t)UO +t01)2)



[[lustrations - 1D Gaussian Case
Let po = N (mo,03), p1 = N(ma,0}), ¢! quantile function of A/(0,1).

= Fyl=mo+o0p™t Fy ' =my +o167?
— Vt € [O, 1], e = N((]. - t)mo +tm1, ((1 - t)UO +t(71)2)

Forall 0 <m < m' <1,
(Frt = Fyh)(m') = (Fy = Fy ) (m)) = (01— 00) (¢~ (m') — ¢~ (m)) >0
<~ 01 > 0y

t — py is a geodesic ray if and only if o1 > 0y. J




[[lustrations - 1D Gaussian Case
Let po = N (mo,03), p1 = N(ma,0}), ¢! quantile function of A/(0,1).

— Fo_l = My —|—O'0¢71, Fl_l =my —|—O'1(,2571
— Vt € [0, 1], e = N((]. - t)mo —l—tm1, ((1 - t)UO +t01)2)

Forall 0 <m < m' <1,
(Frt = Fyh)(m') = (Fy = Fy ) (m)) = (01— 00) (¢~ (m') — ¢~ (m)) >0
<~ 01 > 0y

t — py is a geodesic ray if and only if o1 > 0y. J




[[lustrations - 1D Gaussian Case

quantile function of N(0,1).

1

N(mlvU%)v (b_

— Fo_l = My —|—O'0¢71, Fl_l

:N(mo,dg), M1

Let po

mi + o1t

N ((1 = t)ymo +tmy, (1 = t)og + to1)?)

Forall0 <m<m/ <1,

— Vt € [0, 1], j28;

—

—00) (67 (m') = 97 (m

= Fy ')(m) = (o1

—1
1

') = (

<~ 01 > 0y

0

-1
1

F

((

t — py is a geodesic ray if and only if o1 > 0y.
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lllustrations - Starting from a Dirac
Let 9 € R, pp = 04, Fofl(p) =uxp forall1>p>0.
— For all i3 € Po(R), F; ' — Fy ! non-decreasing
=" = o @ pu, g = ((1—t)zo +t1d) yyun

For all 41 € P2(R), t — i is a geodesic ray. J




lllustrations - Starting from a Dirac

Let 9 € R, pp = 04, Fofl(p) =uxp forall1>p>0.
— For all i3 € Po(R), F; ' — Fy ! non-decreasing
=" = o @ pu, g = ((1—t)zo +t1d) yyun

For all 41 € P2(R), t — i is a geodesic ray. J




lllustrations - Starting from a Dirac
Let 9 € R, pp = 04, Fofl(p) =xg forall1>p>0.
— For all i3 € Po(R), F; ' — Fy ! non-decreasing
=" = o @ pu, g = ((1—t)zo +t1d) yyun

For all 41 € P2(R), t — py is a geodesic ray.
— extends to R? (Bertrand and Kloeckner, 2016, Lemma 2.1) J




[llustration - Discrete Distributions

Let 21 < -+ < Tp, y1<---<yn,,uO:%2?215“,/11:%2?:16%.

t — y is a geodesic ray if and only if for all j > 7, y; — x; < y; — x;. J




[llustration - Discrete Distributions

Let 2y < <@y, Y1 < < Yn, o= = i Opyy i1 = 230 1 5y

t — y is a geodesic ray if and only if for all j > 7, y; — x; < y; — x;. J

1 1 1 1
= —i_ - = —0_ —015
Mo 5 2+207 251 5 1+21.

=iy —xrx1=1<ys—ax2=15




[llustration - Discrete Distributions

Let 2y < <@y, Y1 < < Yn, o= = i Opyy i1 = 230 1 5y

t — y is a geodesic ray if and only if for all j > 7, y; — x; < y; — x;. J

1 1 1 1
= —i_ - = —0_ —015
Mo 5 2+207 251 5 1+21.

=iy —xrx1=1<ys—ax2=15




[llustration - Discrete Distributions

Let 2y < <@y, Y1 < < Yn, o= = i Opyy i1 = 230 1 5y

t — y is a geodesic ray if and only if for all j > 7, y; — x; < y; — x;. J

1 1 1 1
= —0p+ =0 = —0_ —015
Mo 20+24, H1 5 1+21.

— Yy —x1=—1>ys —xo=-2.5

Not a ray (particles cross at ¢t > 0)




[llustration - Discrete Distributions

Let 2y < <@y, Y1 < < Yn, o= = i Opyy i1 = 230 1 5y

t — y is a geodesic ray if and only if for all j > 7, y; — x; < y; — x;.

1 1 1 1
= —0p+ =0 = —0_ —015
Mo 20+24, H1 5 1+21.

— Yy —x1=—1>ys —xo=-2.5

Not a ray (particles cross at ¢t > 0)
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Geodesic Rays in Brenier's Setting

Proposition (Brenier's Theorem (Brenier, 1991))

po < Leb = Optimal coupling ~v* unique and v* = (Id, V) 1o with ¢ convex

In this setting:
e Geodesic between /iy € P2 ac(R?) and i1 € P2(RY) unique
e Forallt€[0,1], = ((1—¢)Id +tT)#M0 with T o = p1, T = Vi, ¢ convex



Geodesic Rays in Brenier's Setting

Proposition (Brenier's Theorem (Brenier, 1991))

po < Leb = Optimal coupling ~v* unique and v* = (Id, V) 1o with ¢ convex

In this setting:
e Geodesic between /iy € P2 ac(R?) and i1 € P2(RY) unique

e Forallt€[0,1], = ((1—¢)Id +tT)#ﬂ0 with T o = p1, T = Vi, ¢ convex
o If t — u; is a geodesic ray:

Vs >0, W3 (s, pto) = s°W3 (1, o)
_ / Is(z — V(@) |13 dpo()
= / lz = (1 - s)x — sVp(z)|l3 duo()

= (1=98)z+sVe(x)=V(z— (1- s)% + sp(x))(x) must be the gradient of
a convex function for all s >0

2
— true if and only if ¢ — % convex
ﬁz



Geodesic Rays in Brenier's Setting

Let p10 € Paac(R?), 1 € P2(RY), p1 = (V) upo, o convex.
— t — u; geodesic ray if and only if ¢ 1-strongly convex

¢ 1D Gaussian: Let pg = N'(mo,03), 1 = N(ma,0%7), T(x) = 2(x —mo) +ma

T'(z)—1>0 < 01> 09

e General Gaussian: Let g :N(mO,EO) =
1
T(z) = Ale — mo) +my with A= 5, (835,58 75, %,

(<IN
Le
™
[=INTT
\:‘H
Y
\g|
=

VTI(z)—I; =0 < (T




Busemann Function in the Wasserstein Space

Let po € P2(R?), t +— p; a geodesic ray starting from 1o

Busemann function in (P2(R%), Wy):

Vv € Po(RY), BH(v) = lim Wy (ug,v) — kut,

t——+o0

with x, = Wa(uo, p1).

— Computation?



Computing the Busemann Function
Define T'(110, p11,v) = {7 € W(po, 1, v), 755 € Mo(po, 1)}

e General case:

B*(v) = inf —/1;1 /(xl — o,y — zo) d¥(x0,z1,Y)
FED (1o,H1,1)




Computing the Busemann Function
Define T'(0, p11,v) = {7 € W(po, pa, ), W;ZQW € I, ko, 1) }

e General case:

Bt (v) = inf —5;1 /(171 — 20,y — xo) dY(wo, T1,Y)

YET (1o, p1,v)
o If g € Paac(RY), 1 = (V) gpio, ¢ l-strongly convex:
B0) = _int =" [ (Vilan) - o,y - o) (oo, v)
Y€ (po,v)

— equivalent to OT problem with cost ¢(zg,y) = ||Ve(zo) — z0 — yl|3

21/36



Computing the Busemann Function
Define F(,LLO,,LLl,V) = {’? € H(,LLO,,U/l, V)7 7'(':}%’2*‘7 € HO(,an,ul)}

e General case:

Bt(v)=  inf —Ii;l /(xl — 2o,y — o) d¥(zg, 21,Y)
FET (o, p1,v)

o If g € Paac(RY), w1 = (V) 4pt0, ¢ l-strongly convex:

B*(v) = inf —/@;1 /(V(p(xg) — Zo,y — o) dy(zo,y)
Y€ (po,v)

o If 1o = 0ay, o € R, w24 = p1o @ pua,

B*(v) = weHiI(lufl,u) —H;l /(:m — 9,y — xo) dy(z1,¥)

— Equivalent to W3(u1,v)
— For py = 64,, 0 =21 — 29 € S471, y(t) = 2o + 0, B*(v) = fBW(y)dz/(y),_\

21/36




Computing the Busemann Function
Define T'(s10, 11, v) = {§ € M(po, 1, v), 74°F € Wo(pao, i) }

e General case:

o q -1 ~
B*(v) = %F(Lrgm’u) —K, /<x1 — o,y — xo) dY(x0,x1,Y)

o If g € Paac(RY), 1 = (V)4 ho, ¢ 1-strongly convex:

') = _nf = [(Telao) = a0,y - o) dyfans)
YEIL(1o,v)
o If po = 0z,, To € R4, W;fﬁ = o ® U1,

BHv) = 'YEI_}I(lIfl,V) _ﬁ;l /<x1 = i =tg) S

v

— Linear programs
21/36



Busemann Function in the 1D Wasserstein Space
Let 110, 11 € P2(R),

1
W3 (o, i) Z/O [Fy H(w) = Fy ()P du = [[1Fy = By 20y

— Hilbert structure

Proposition (Closed-from for the Busemann function on P(R))

Let ()10 be a unit-speed geodesic ray in P2(R), then

WemmLwa=—A(E%w—%%mxﬂﬂm—ﬂﬁm»w

=—(F ' = Fy LB = Fg Y e

v

Let 110 = A (mo,02), p1 = N(m1,0%), v = N(m, 0?),

B*(v) = —(m1 — mo)(m —mo) — (61 — 00) (0 — 00)




Busemann Function on the Bures-Wasserstein Space

Let p1o = N (mo, Xo), 11 = N (ma, ),

1 1
Wi (10, 1) = llmo — ma 3 + tr (Zo + 1 — 2§ B155) )

Proposition (Closed-form for the Busemann function on BV (R?))

Let (pu¢)i>0 be a unit-speed geodesic ray characterized by juo = N'(mg, Xo) and
w1 = N(mq,%1). Then, for any v = N (m,Y),

B*(v) = —=(m1 — mg, m — mg) + tr (So(4 — I4))
—tr ((Z3(Zo — oA — ASg + £,)T7)3),
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Labeled Datasets

Dy : H1 = % Zzl (5(171’%1) S P(Rd X {1, .. .,C}),

Dy : Mo = % Z;nzl (5(93?7%2) S P(Rd X {17 .. ,C})
C: number of classes, n: number of sample in each class, m = nC'

Question: how to compare datasets D; and D5?

24/36



OTDD (Alvarez-Melis and Fusi, 2020)

Solution of Alvarez-Melis and Fusi (2020):
¢ Embed a label (a class) in P(R?) as ¢ vh = L 37" 6,51 iy for k=1,2

— Dyt u, = % Z?;l (5(1,?’11/16’?) S P(Rd X P(Rd))



OTDD (Alvarez-Melis and Fusi, 2020)

Solution of Alvarez-Melis and Fusi (2020):
¢ Embed a label (a class) in P(R?) as ¢ vh = L 37" 6,51 iy for k=1,2

— Dyt u, = % Z?;l (5@?7”,16&) € P(Rd X P(Rd))

2
o Cost: d((@,y), (2",9))" = llz — 2'|lF + W3(vy,vy)
e Optimal transport distance: O(C?n®logn + n*C?log(nC))

OTDD(pu1, pi2) = . /d((way)7(w’,y’))2 dy((z,y), (=',9))-



OTDD (Alvarez-Melis and Fusi, 2020)

Solution of Alvarez-Melis and Fusi (2020):
e Embed a label (a class) in R” x 5" (R) as ¢ — v ~ N (m}, X)) for k =1,2

—>DkZ/Lk2$22711(5<L m kzk )GP( RPXS;_+(R))

e Cost: d((z,y), (+',¢/))" = |z — 2/|3 + BW3 (1, 1)
e Optimal transport distance: approximated in O(C?d* + n*C?*log(nC)/<?)

OTDD¢ (p1, p2) = fyeHH;lE - /d z,y), (7', y)) dvy((z, ), (&, y)) + eH(7).



Sliced-Wasserstein Distance

T

Directions
e Source data
e Target data d

6=100°

S|

Definition (Sliced-Wasserstein (Rabin et al., 2011))
Let p,v € P2(R?),

SW%(N7 V) = e Wg(P;Z’:,ua P;Z:V) d>‘(0)7

where P?(x) = (x,0), A uniform measure on S91.
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Sliced-Wasserstein Distance

Let @1,...,Tpn, Y1, Yn ERL a, BE X, u=1" @bz, v =1, Biby,.
Approximation via Monte-Carlo:

——2 L

SWo p,(p,v) = Z S(PYu, Pyv),

L3

01,...,00 ~ A\
— Computational complexity: O(Ln(logn + d))
Goal: Define a SW distance on P (R? x P2(R?))



Previous Methods

e Sliced-Wasserstein on P2(X x Y) (Nguyen and Ho, 2024):
o Define 2 projections P? : X - R, Q®:Y — R
o For a € S', define

Y(z,y) € X x Y, P*"?(z,y) = a1 P (2) + a2Q" ()

o For p,v € P2(X xXY),

SW2(u, ) = / WP, P00 (0,0, 6)



Previous Methods

e Sliced-Wasserstein on P2(X x Y) (Nguyen and Ho, 2024):
o Define 2 projections P? : X - R, Q®:Y — R
o For e € S*, define

Y(z,y) € X x Y, P*"?(z,y) = a1 P (2) + a2Q" ()

o For p,v € P2(X xXY),
SW3(u, ) /W2 (P u, P3®%v) dX(av, 0, )

o Sliced-Wasserstein on P2(R? x P»(R?)) (SOTDD) (Nguyen et al., 2025)
o For alabel y € {1,...,C}, define p(y) = = 37 | 6z, Liy, =0}

ny
o Use for a € S*,

k
PNz, y) = a1 P’ (z) + Z ain M (Pho(y)),

=1

with P? : R* — R, M* : P(R?) — R the moment transform projection.



Previous Methods

e Sliced-Wasserstein on P2(X x Y) (Nguyen and Ho, 2024):
o Define 2 projections P? : X - R, Q®:Y — R
o For a € S', define

Y(z,y) € X x Y, P*"?(z,y) = a1 P (2) + a2Q" ()

o For p,v € P2(X xXY),
SW3(u, ) /W2 (P u, P3®%v) dX(av, 0, )

o Sliced-Wasserstein on P2(R? x P»(R?)) (SOTDD) (Nguyen et al., 2025)
o For alabel y € {1,...,C}, define p(y) = = 37 | 6z, Liy, =0}

Ny
o Use for a € S*,
K
PN @,y) = ar PP (@) + D 1 MY (Phop(y)),
=1

with P? : R* — R, M* : P(R?) — R the moment transform projection.
— Use B* for projecting distributions on R



Slicing Datasets with Busemann on Gaussian
With Gaussian approximation:
e Define E(u) = N (m(p), ()
e Forallye{1,...,C},
Q"(y) = B"(E(»(y))),

with 77 a geodesic ray on BW (R%)

a1 P%(z) + Q" (y)

ﬁ\\ P

Computational Complexity: O(LCd? + Ln,C(logn,C + d) 4+ d*Cn,,)
29
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Slicing Datasets with Busemann in 1D

With 1D Projection:
e Forallye{1,...,C},
Q" (y) = B"(Pe(y)),

with 77 a geodesic ray on Pa(R)

a1P%(z) + a:Q"(y)

Computation Complexity: O(Ln,C(log(n,C + d)))



Correlation vs OTDD

Goal: Measure correlation between sliced distances and OTDD
— Compare randomly sampled subdatasets + Spearman and Pearson correlations

ps =079, pp = 0.77 ps = 0.92, pp = 0.91 ps = 0.93, pp = 0.93

20 25 30 2.0 25 3.0 15 20 25
SOTDD-10% (5000 projs) SWB1DG-10? (5000 projs) SWBG-10? (5000 projs)
MNIST

s P =071 pp =0.72 ps = 0.87, pp = 0.87 ps = 0.87, pp = 0.8

2320
2300
o 2280
g 2260
2240
2220
2200
2180

20 25 30 35 2.0 25 3.0
SOTDD-10? (5000 projs) SWB1DG-10* (5000 projs) SWBG-10% (5000 projs)
CIFAR10




Flowing Labeled Datasets

e Model datasets as P = & 32 | §,c € P2(P2(R?)) where v° = 13" 4,
e Flow a dataset P towards Q by minimizing a discrepancy D on P (P2(R?))
— minimization problem on Py (P2(R%))




Minimizing on P»(P:(R?)) (Bonet et al., 2025b)
Goal: minimize F : P5(P2(R%)) — R

In practice: For P, = & Zc_l oo with g™ = 1 Zl 1 0ge, € Py(RY):

Vk > 0, particle (image) i, class ¢, o1 = 2§ — TVwy, F(Pk)(,uzn)(xfk)

P..: inter-class interaction, ,u;’": intra-class interaction, xf}k image
Vi, F(Pr) (1" ) (5 1) = nCIVF (X)), with F(x) = F(Py,), x = (27 )i.c



Synthetic Data
Goal: minimize F : P5(P2(R%)) — R

In practice: For P, = o Zc 1 Mcn with Mk -1 ZZ L0 € 'p2<Rd)

Vk >0, particle (image) i, class ¢, 77 ;.1 = 27, — TVwy, F(Pk)(,uz’”)(gc;k),

Let Q = %23:1 dye, V° ring
mpin F(P)=D(P,Q)

SOTDD SWB1DG SWBG

OO0 OO0 OO0



Synthetic Data
Goal: minimize F : P5(P2(R%)) — R

In practice: For P, = o Zc 1 Mcn with Mk -1 ZZ L0 € 'p2<Rd)

Vk >0, particle (image) i, class ¢, 77 ;.1 = 27, — TVwy, F(Pk)(NZ’n)(ﬂﬁf,k)-

Let Q = %23:1 dye, V° ring
mpin F(P)=D(P,Q)

SOTDD SWB1DG SWBG

OO0 OO0 OO0



Synthetic Data
Goal: minimize F : P5(P2(R%)) — R

In practice: For P, = o ZC 1 ”cn with /j‘k -1 ZZ L0 € Pg(Rd)

Vk >0, particle (image) i, class ¢, 2,1 = 2§ — TVwy, F(Pk)(,uzn)(xfk)

Let Q = %23:1 Oye, VC ring
mpin F(P)=D(P,Q)

100 -
10-2 4 —— SOTDD —— SWBI1DG — SWBG
2
WW2 104

1076 1

e L . — D .
0 200 400 600 800 1000

Time (7- iter)



Conclusion

Conclusion:

Studied geometry of geodesics on the Wasserstein space

Studied the existence and computation of the Busemann function on the
Wasserstein space

Defined new SW distances to compare labeled Datasets

Also in the paper: SW distances to compare Gaussian mixtures

Related to new sliced distances on Gaussian mixtures (Baouan et al., 2025;
Piening and Beinert, 2025a) and on P (P2(R?)) (Piening and Beinert, 2025b)

Perspectives:
e Applications to PCA on the Wasserstein space
e Extension to Py(L%)

e Busemann along other curves (Gallouét et al., 2025)



Conclusion

Thank you!

Paper: https://arxiv.org/abs/2510.04579
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