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Motivation

Busemann function:

• Major tool in geometry (Busemann, 1955; Bridson and Haefliger, 2013)

• Many applications in Machine Learning (Chami et al., 2021; Ghadimi Atigh et al.,
2021; Bonet et al., 2023; Berg et al., 2024)
→ PCA, Classification, Projections...

• Applications restricted to finite dimensional spaces

Space of probability distributions:

• Datasets of Distributions
→ Documents (Kusner et al., 2015), point clouds (Geuter et al., 2025), images
(Rubner et al., 2000), single-cells (Bellazzi et al., 2021)
→ Labeled distributions (Alvarez-Melis and Fusi, 2020), Gaussian mixtures
(Delon and Desolneux, 2020)...

• Rich geometry with Optimal Transport (Ambrosio et al., 2008)
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Geodesic Metric space (Bridson and Haefliger, 2013)
Let (X, d) be a metric space.
• Let x, y ∈ X. A continuous map γ : [0, 1] → X is a (constant-speed) geodesic
between x and y if

γ(0) = x

γ(1) = y

∀t, s ∈ [0, 1], d
(
γ(t), γ(s)

)
= |t− s|d(x, y)

→ γ minimizes the length between x and y
• (X, d) is a geodesic metric space if any two points are joined by a geodesic

X = Rd, d(x, y) = ∥x− y∥2,
γ(t) = (1− t)x+ ty

X = Sd−1 X = M, γ(t) = expx(tv)
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Geodesic Lines and Rays
Let γ : [0, 1] → X be a geodesic, κ = d

(
γ(0), γ(1)

)
its speed.

• Geodesic line: extension of γ to R such that

∀t, s ∈ R, d
(
γ(t), γ(s)

)
= κ|t− s|

• Geodesic ray: extension of γ to [0,+∞[ such that

∀t, s ∈ [0,+∞[, d
(
γ(t), γ(s)

)
= κ|t− s|

∀s, t ∈ R, γ(t) = (1−t)x+ty No geodesic ray or line
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Sufficient Conditions for Geodesic Rays?

• Curvature ≤ 0 ⇐⇒ for all x ∈ X, t ∈ [0, 1],

d2
(
x, γ(t)

)
≤ (1− t)d2

(
x, γ(0)

)
+ td2

(
x, γ(1)

)
− t(1− t)d2

(
γ(0), γ(1)

)
→ geodesics are geodesics lines

• Curvature > 0 ⇐⇒ for all x ∈ X, t ∈ [0, 1],

d2
(
x, γ(t)

)
> (1− t)d2

(
x, γ(0)

)
+ td2

(
x, γ(1)

)
− t(1− t)d2

(
γ(0), γ(1)

)
→ no guarantees

Negatively curved No curvature Positively curved
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Examples of Non-Positively Curves Spaces
• Euclidean spaces (Rd, ∥ · ∥2): ∀x ∈ Rd, (parallelogram rule)

∥x− γ(t)∥22 = (1− t)∥x− γ(0)∥22 + t∥x− γ(1)∥22 − t(1− t)∥γ(0)− γ(1)∥22
• Hyperbolic spaces: Ld =

{
(x0, . . . , xd) ∈ Rd+1, ⟨x, x⟩L = −1, x0 > 0

}
,

dL(x, y) = arccosh
(
− ⟨x, y⟩L

)
, ⟨x, y⟩L = −x0y0 +

d∑
i=1

xiyi

Geodesic: ∀t ∈ R, γ(t) = cosh(∥v∥L)x+ sinh(t∥v∥L)
v

∥v∥L

→ (constant) negative curvature
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Busemann Function
Let (X, d) be a geodesic metric space and γ : [0,+∞[→ X be a geodesic ray.

Busemann function associated to γ:

∀x ∈ X, Bγ(x) = lim
t→+∞

d
(
x, γ(t)

)
− d

(
γ(0), γ(t)

)
= lim

t→+∞
d
(
x, γ(t)

)
− t · d

(
γ(0), γ(1)

)

For X = Rd, γ(t) = x0 + tv, x0, v = x1 − x0 ∈ Rd,

d
(
x, γ(t)

)
− d

(
γ(0), γ(t)

)
= ∥x− x0 − tv∥2 − ∥x0 − x0 − tv∥2

= t∥v∥2
√
1− 2

t∥v∥22
⟨v, x− x0⟩+ o(t−1)− t∥v∥2

= t∥v∥2
(
1− 1

t∥v∥22
⟨v, x− x0⟩+ o(t−1)

)
− t∥v∥2

= −
〈
x− x0,

v

∥v∥2

〉
+ o(1)

→ Bγ(x) = −
〈
x− x0,

v
∥v∥2

〉
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Busemann Function on Rd

On Rd: for γ(t) = x0 + tv with x0, v ∈ Rd,

∀x ∈ Rd, Bγ(x) = −
〈
x− x0,

v

∥v∥2

〉

• Bγ(x): coincides with the coordinate of the geodesic projection (up to a sign)

t = argmin
s∈R

∥∥x− (x0 + sv)
∥∥2
2
=

〈
x− x0,

v

∥v∥2

〉
→ Projection: γ(−Bγ(x))

• Level sets of Bγ are hyperplanes orthogonal to v
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Busemann Function on Rd

On Rd: for γ(t) = x0 + tv with x0, v ∈ Rd,

∀x ∈ Rd, Bγ(x) = −
〈
x− x0,

v

∥v∥2

〉

• Bγ(x): coincides with the coordinate of the geodesic projection (up to a sign)

t = argmin
s∈R

∥∥x− (x0 + sv)
∥∥2
2
=

〈
x− x0,

v

∥v∥2

〉
→ Projection: γ(−Bγ(x))

• Level sets of Bγ are hyperplanes orthogonal to v

→ What about on other spaces?
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Busemann Function on Hyperbolic Space
Let x0 = (1, 0, . . . , 0) ∈ Rd+1, v ∈ Tx0Ld ∩ Sd,

∀x ∈ Ld, Bγ(x) = log
(
− ⟨x, x0 + v⟩L

)
→ different from geodesic projection (Bonet et al., 2023)

Horospheres: Levels sets of Bγ : (Bγ)−1({t}) for all t ∈ R
→ Second generalization of hyperplanes

Projections along geodesics
submanifolds

Projections along
horospheres
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Applications in Machine Learning
• Busemann used as a projection
◦ HoroPCA (Chami et al., 2021)

→ Project on a geodesic subspace along horospheres

From (Chami et al., 2021)

9/36

9/36



Applications in Machine Learning
• Busemann used as a projection
◦ HoroPCA (Chami et al., 2021)

→ Project on a geodesic subspace along horospheres
◦ Sliced-Wasserstein on Cartan-Hadamard manifolds (Bonet et al., 2023, 2025a)

→ Project on geodesics with the Busemann function

9/36

9/36



Applications in Machine Learning
• Busemann used as a projection
◦ HoroPCA (Chami et al., 2021)

→ Project on a geodesic subspace along horospheres
◦ Sliced-Wasserstein on Cartan-Hadamard manifolds (Bonet et al., 2023, 2025a)

→ Project on geodesics with the Busemann function
• Busemann used for alignments
→ Embedding with prototypes (Ghadimi Atigh et al., 2021)

9/36

9/36



Applications in Machine Learning
• Busemann used as a projection
◦ HoroPCA (Chami et al., 2021)

→ Project on a geodesic subspace along horospheres
◦ Sliced-Wasserstein on Cartan-Hadamard manifolds (Bonet et al., 2023, 2025a)

→ Project on geodesics with the Busemann function
• Busemann used for alignments
→ Embedding with prototypes (Ghadimi Atigh et al., 2021)

• Busemann used for classification (Fan et al., 2023; Doorenbos et al., 2024; Berg
et al., 2024, 2025)
→ SVM, Random Forests, Logistic Regression...

From (Berg et al., 2024)
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Datasets of Distributions

Examples

• Histograms (e.g. age distributions of countries, financial assets...)

• Documents: distributions of words (Kusner et al., 2015)

• Cells: distributions of genes (Bellazzi et al., 2021)

• Embedding of words in Gaussian distributions (Vilnis and McCallum, 2015)
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Wasserstein Geometry (Ambrosio et al., 2008)

Definition (Wasserstein distance)

Let µ, ν ∈ P2(Rd) and denote by Π(µ, ν) the set of coupling between µ, ν. Then,
the Wasserstein distance is

W2
2(µ, ν) = inf

γ∈Π(µ,ν)

∫
∥x− y∥22 dγ(x, y),

with Π(µ, ν) = {γ ∈ P2(Rd × Rd), π1
#γ = µ, π2

#γ = ν}, π1 : (x, y) 7→ x,

π2 : (x, y) 7→ y

Remainder: For T : Rd → Rp measurable, X ∼ µ =⇒ T (X) ∼ T#µ

Properties:

• W2 distance, (P2(Rd),W2): Wasserstein space

• W2(δx, δy) = ∥x− y∥2
• Riemannian structure

• Geodesic metric space
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Geodesics in Wasserstein Space
Let Πo(µ, ν) = {γ, γ ∈ argminγ∈Π(µ,ν)

∫
∥x− y∥22 dγ(x, y)}

Geodesics

For µ0, µ1 ∈ P2(Rd), geodesic = displacement interpolation:

∀t ∈ [0, 1], µt =
(
(1− t)π1 + tπ2

)
#
γ for γ ∈ Πo(µ0, µ1)
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∫
∥x− y∥22 dγ(x, y)}

Geodesics

For µ0, µ1 ∈ P2(Rd), geodesic = displacement interpolation:

∀t ∈ [0, 1], µt =
(
(1− t)π1 + tπ2

)
#
γ for γ ∈ Πo(µ0, µ1)

For all ν ∈ P2(Rd), t ∈ [0, 1], (Ambrosio et al., 2008)

W2
2(µt, ν) ≥ (1− t)W2

2(µ0, ν) + tW2
2(µ1, ν)− t(1− t)W2

2(µ0, µ1)

→ Positively curved space (PC Space)
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∫
∥x− y∥22 dγ(x, y)}

Geodesics

For µ0, µ1 ∈ P2(Rd), geodesic = displacement interpolation:

∀t ∈ [0, 1], µt =
(
(1− t)π1 + tπ2

)
#
γ for γ ∈ Πo(µ0, µ1)

For all ν ∈ P2(Rd), t ∈ [0, 1], (Ambrosio et al., 2008)

W2
2(µt, ν) ≥ (1− t)W2

2(µ0, ν) + tW2
2(µ1, ν)− t(1− t)W2

2(µ0, µ1)

→ Positively curved space (PC Space)

By (Zhu et al., 2021): always at least one geodesic ray starting from µ0

→ Conditions to extend t 7→ µt to R+?

12/36

12/36



1D Wasserstein Space
Let µ, ν ∈ P2(R),

• Cumulative distribution function:

∀t ∈ R, Fµ(t) = µ
(
]−∞, t]

)
=

∫
1]−∞,t](x) dµ(x)

• Quantile function:

∀u ∈ [0, 1], F−1
µ (u) = inf

{
x ∈ R, Fµ(x) ≥ u

}
1D Wasserstein Distance

The optimal coupling is γ∗ = (F−1
µ , F−1

ν )#Unif([0, 1]), and

W2
2(µ, ν) =

∫ 1

0

∣∣F−1
µ (u)− F−1

ν (u)
∣∣2 du =

∥∥F−1
µ − F−1

ν

∥∥2
L2([0,1])

Geodesic between µ and ν: ∀t ∈ [0, 1],

µt =
(
(1− t)π1 + tπ2

)
#
γ∗ =

(
(1− t)F−1

µ + tF−1
ν

)
#
Unif([0, 1])

→ F−1
t = (1− t)F−1

µ + tF−1
ν
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Geodesic Rays in 1D Wasserstein Space
For µ0, µ1 ∈ P2(R), quantile F

−1
t of the geodesic t 7→ µt characterized as

∀t ∈ [0, 1], F−1
t = (1− t)F−1

0 + tF−1
1 = F−1

0 + t(F−1
1 − F−1

0 ).

• For all t, s ∈ R,

∥F−1
t − F−1

s ∥2L2([0,1]) = (t− s)2∥F−1
0 − F−1

1 ∥2L2([0,1])

→ ok if F−1
t , F−1

s quantile functions, i.e. non-decreasing and left-continuous

• For all t ≥ 0, 0 < m < m′ < 1,

F−1
t (m)− F−1

t (m′) = F−1
0 (m)− F−1

0 (m′)

+ t
(
F−1
1 (m)− F−1

0 (m)− (F−1
1 (m′)− F−1

0 (m′))
)
≤ 0

Proposition (Kloeckner, 2010)

t 7→ µt is a geodesic ray if and only if F−1
1 − F−1

0 is non-decreasing.
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Illustrations - 1D Gaussian Case
Let µ0 = N (m0, σ

2
0), µ1 = N (m1, σ

2
1), ϕ

−1 quantile function of N (0, 1).

→ F−1
0 = m0 + σ0ϕ

−1, F−1
1 = m1 + σ1ϕ

−1

→ ∀t ∈ [0, 1], µt = N
(
(1− t)m0 + tm1, ((1− t)σ0 + tσ1)

2
)

For all 0 < m < m′ < 1,(
(F−1

1 − F−1
0 )(m′)− (F−1

1 − F−1
0 )(m)

)
= (σ1 − σ0)

(
ϕ−1(m′)− ϕ−1(m)

)
≥ 0

⇐⇒ σ1 ≥ σ0

t 7→ µt is a geodesic ray if and only if σ1 ≥ σ0.
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Illustrations - Starting from a Dirac
Let x0 ∈ R, µ0 = δx0

, F−1
0 (p) = x0 for all 1 ≥ p > 0.

→ For all µ1 ∈ P2(R), F
−1
1 − F−1

0 non-decreasing
→ γ∗ = µ0 ⊗ µ1, µt =

(
(1− t)x0 + tId

)
#
µ1

For all µ1 ∈ P2(R), t 7→ µt is a geodesic ray.
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, F−1
0 (p) = x0 for all 1 ≥ p > 0.

→ For all µ1 ∈ P2(R), F
−1
1 − F−1

0 non-decreasing
→ γ∗ = µ0 ⊗ µ1, µt =

(
(1− t)x0 + tId

)
#
µ1

For all µ1 ∈ P2(R), t 7→ µt is a geodesic ray.
→ extends to Rd (Bertrand and Kloeckner, 2016, Lemma 2.1)
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Illustration - Discrete Distributions

Let x1 < · · · < xn, y1 < · · · < yn, µ0 = 1
n

∑n
i=1 δxi

, µ1 = 1
n

∑n
i=1 δyi

.

t 7→ µt is a geodesic ray if and only if for all j > i, yi − xi ≤ yj − xj .
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i=1 δxi

, µ1 = 1
n

∑n
i=1 δyi

.

t 7→ µt is a geodesic ray if and only if for all j > i, yi − xi ≤ yj − xj .

µ0 =
1

2
δ−2 +

1

2
δ0, µ1 =

1

2
δ−1 +

1

2
δ1.5

→ y1 − x1 = 1 < y2 − x2 = 1.5
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Illustration - Discrete Distributions
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Geodesic Rays in Brenier’s Setting

Proposition (Brenier’s Theorem (Brenier, 1991))

µ0 ≪ Leb =⇒ Optimal coupling γ∗ unique and γ∗ = (Id,∇φ)#µ0 with φ convex

In this setting:

• Geodesic between µ0 ∈ P2,ac(Rd) and µ1 ∈ P2(Rd) unique

• For all t ∈ [0, 1], µt =
(
(1− t)Id + tT

)
#
µ0 with T#µ0 = µ1, T = ∇φ, φ convex

• If t 7→ µt is a geodesic ray:

∀s ≥ 0, W2
2(µs, µ0) = s2W2

2(µ1, µ0)

=

∫
∥s(x−∇φ(x))∥22 dµ0(x)

=

∫
∥x− (1− s)x− s∇φ(x)∥22 dµ0(x)

→ (1− s)x+ s∇φ(x) = ∇(x 7→ (1− s)
∥x∥2

2

2 + sφ(x))(x) must be the gradient of
a convex function for all s ≥ 0

→ true if and only if φ− ∥x∥2
2

2 convex
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Geodesic Rays in Brenier’s Setting

Let µ0 ∈ P2,ac(Rd), µ1 ∈ P2(Rd), µ1 = (∇φ)#µ0, φ convex.
→ t 7→ µt geodesic ray if and only if φ 1-strongly convex

Examples

• 1D Gaussian: Let µ0 = N (m0, σ
2
0), µ1 = N (m1, σ

2
1), T(x) =

σ1

σ0
(x−m0) +m1

T′(x)− 1 ≥ 0 ⇐⇒ σ1 ≥ σ0

• General Gaussian: Let µ0 = N (m0,Σ0), µ1 = N (m1,Σ1),

T(x) = A(x−m0) +m1 with A = Σ
− 1

2
0

(
Σ

1
2
0 Σ1Σ

1
2
0

) 1
2Σ

− 1
2

0 ,

∇T(x)− Id ⪰ 0 ⇐⇒
(
Σ

1
2
0 Σ1Σ

1
2
0

) 1
2 ⪰ Σ0
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Busemann Function in the Wasserstein Space

Let µ0 ∈ P2(Rd), t 7→ µt a geodesic ray starting from µ0

Busemann function in
(
P2(Rd),W2

)
:

∀ν ∈ P2(R
d), Bµ(ν) = lim

t→+∞
W2(µt, ν)− κµt,

with κµ = W2(µ0, µ1).

→ Computation?
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Computing the Busemann Function
Define Γ(µ0, µ1, ν) =

{
γ̃ ∈ Π(µ0, µ1, ν), π

1,2
# γ̃ ∈ Πo(µ0, µ1)

}
• General case:

Bµ(ν) = inf
γ̃∈Γ(µ0,µ1,ν)

−κ−1
µ

∫
⟨x1 − x0, y − x0⟩ dγ̃(x0, x1, y)

• If µ0 ∈ P2,ac(Rd), µ1 = (∇φ)#µ0, φ 1-strongly convex:

Bµ(ν) = inf
γ∈Π(µ0,ν)

−κ−1
µ

∫
⟨∇φ(x0)− x0, y − x0⟩ dγ(x0, y)

• If µ0 = δx0
, x0 ∈ Rd, π1,2

# γ̃ = µ0 ⊗ µ1,

Bµ(ν) = inf
γ∈Π(µ1,ν)

−κ−1
µ

∫
⟨x1 − x0, y − x0⟩ dγ(x1, y)

→ Linear programs
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Bµ(ν) = inf
γ∈Π(µ1,ν)

−κ−1
µ

∫
⟨x1 − x0, y − x0⟩ dγ(x1, y)

→ Equivalent to W2
2(µ1, ν)

→ For µ1 = δx1
, θ = x1 − x0 ∈ Sd−1, γ(t) = x0 + tθ, Bµ(ν) =

∫
Bγ(y)dν(y)

→ Linear programs
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Busemann Function in the 1D Wasserstein Space
Let µ0, µ1 ∈ P2(R),

W2
2(µ0, µ1) =

∫ 1

0

|F−1
0 (u)− F−1

1 (u)|2 du = ∥F−1
0 − F−1

1 ∥2L2([0,1])

→ Hilbert structure

Proposition (Closed-from for the Busemann function on P2(R))

Let (µt)t≥0 be a unit-speed geodesic ray in P2(R), then

∀ν ∈ P2(R), B
µ(ν) = −

∫ 1

0

(
F−1
1 (u)− F−1

0 (u)
)(
F−1
ν (u)− F−1

0 (u)
)
du

= −⟨F−1
1 − F−1

0 , F−1
ν − F−1

0 ⟩L2([0,1]).

Example

Let µ0 = N (m0, σ
2
0), µ1 = N (m1, σ

2
1), ν = N (m,σ2),

Bµ(ν) = −(m1 −m0)(m−m0)− (σ1 − σ0)(σ − σ0)
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Busemann Function on the Bures-Wasserstein Space

Let µ0 = N (m0,Σ0), µ1 = N (m1,Σ1),

W2
2(µ0, µ1) = ∥m0 −m1∥22 + tr

(
Σ0 +Σ1 − 2(Σ

1
2
0 Σ1Σ

1
2
0 )

1
2

)

Proposition (Closed-form for the Busemann function on BW (Rd))

Let (µt)t≥0 be a unit-speed geodesic ray characterized by µ0 = N (m0,Σ0) and
µ1 = N (m1,Σ1). Then, for any ν = N (m,Σ),

Bµ(ν) = −⟨m1 −m0,m−m0⟩+ tr
(
Σ0(A− Id)

)
− tr

(
(Σ

1
2 (Σ0 − Σ0A−AΣ0 +Σ1)Σ

1
2 )

1
2

)
,

where A = Σ
− 1

2
0 (Σ

1
2
0 Σ1Σ

1
2
0 )

1
2Σ

− 1
2

0 .
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Labeled Datasets

D1 : µ1 = 1
m

∑m
i=1 δ(x1

i ,y
1
i )

∈ P(Rd × {1, . . . , C}),
D2 : µ2 = 1

m

∑m
j=1 δ(x2

j ,y
2
j )

∈ P(Rd × {1, . . . , C})
C: number of classes, n: number of sample in each class, m = nC

Question: how to compare datasets D1 and D2?
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OTDD (Alvarez-Melis and Fusi, 2020)

Solution of Alvarez-Melis and Fusi (2020):

• Embed a label (a class) in P(Rd) as c 7→ νkc = 1
n

∑n
i=1 δxk

i
1{yk

i =c} for k = 1, 2

→ Dk : µk = 1
m

∑m
i=1 δ(xk

i ,ν
k

yk
i

) ∈ P
(
Rd × P(Rd)

)

• Cost: d
(
(x, y), (x′, y′)

)2
= ∥x− x′∥22 +W2

2(νy, νy′)

• Optimal transport distance: O
(
C2n3 log n+ n3C3 log(nC)

)
OTDD(µ1, µ2) = inf

γ∈Π(µ1,µ2)

∫
d
(
(x, y), (x′, y′)

)2
dγ

(
(x, y), (x′, y′)

)
.
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OTDD (Alvarez-Melis and Fusi, 2020)

Solution of Alvarez-Melis and Fusi (2020):

• Embed a label (a class) in Rp × S++
p (R) as c 7→ νkc ≈ N (mk

c ,Σ
k
c ) for k = 1, 2

→ Dk : µk = 1
m

∑m
i=1 δ(xk

i ,m
k

yk
i

,Σk

yk
i

) ∈ P
(
Rd × Rp × S++

p (R)
)

• Cost: d
(
(x, y), (x′, y′)

)2
= ∥x− x′∥22 +BW2

2(νy, νy′)

• Optimal transport distance: approximated in O
(
C2d3 + n2C2 log(nC)/ε2

)
OTDDε(µ1, µ2) = inf

γ∈Π(µ1,µ2)

∫
d
(
(x, y), (x′, y′)

)2
dγ

(
(x, y), (x′, y′)

)
+ εH(γ).
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Sliced-Wasserstein Distance

Directions
Source data
Target data =

40
o

=
10

0o
=

16
0o

Definition (Sliced-Wasserstein (Rabin et al., 2011))

Let µ, ν ∈ P2(Rd),

SW2
2(µ, ν) =

∫
Sd−1

W2
2(P

θ
#µ, P

θ
#ν) dλ(θ),

where P θ(x) = ⟨x, θ⟩, λ uniform measure on Sd−1.
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Sliced-Wasserstein Distance

Let x1, . . . , xn, y1, . . . , yn ∈ Rd, α, β ∈ Σn, µ =
∑n

i=1 αiδxi
, ν =

∑n
i=1 βiδyi

.

Approximation via Monte-Carlo:

ŜW
2

2,L(µ, ν) =
1

L

L∑
ℓ=1

W2
2(P

θℓ
# µ, P θℓ

# ν),

θ1, . . . , θL ∼ λ.

→ Computational complexity: O
(
Ln(log n+ d)

)
Goal: Define a SW distance on P2

(
Rd × P2(Rd)

)
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Previous Methods

• Sliced-Wasserstein on P2(X × Y ) (Nguyen and Ho, 2024):
◦ Define 2 projections P θ : X → R, Qϕ : Y → R
◦ For α ∈ S1, define

∀(x, y) ∈ X × Y, Pα,θ,ϕ(x, y) = α1P
θ(x) + α2Q

ϕ(y)

◦ For µ, ν ∈ P2(X × Y ),

SW2
2(µ, ν) =

∫
W2

2(P
α,θ,ϕ
# µ, Pα,θ,ϕ

# ν) dλ(α, θ, ϕ)

• Sliced-Wasserstein on P2

(
Rd × P2(Rd)

)
(SOTDD) (Nguyen et al., 2025)

◦ For a label y ∈ {1, . . . , C}, define φ(y) = 1
ny

∑n
i=1 δxi1{yi=y}

◦ Use for α ∈ Sk,

Pα,θ,λ(x, y) = α1P
θ(x) +

k∑
i=1

αi+1Mλi
(
P θ
#φ(y)

)
,

with P θ : Rd → R, Mλ : P2(Rd) → R the moment transform projection.

→ Use Bµ for projecting distributions on R
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Slicing Datasets with Busemann on Gaussian
With Gaussian approximation:

• Define Ξ(µ) = N
(
m(µ),Σ(µ)

)
• For all y ∈ {1, . . . , C},

Qη(y) = Bη
(
Ξ(φ(y))

)
,

with η a geodesic ray on BW (Rd)

Computational Complexity: O
(
LCd3 + LnyC(log nyC + d) + d2Cny)
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Slicing Datasets with Busemann in 1D

With 1D Projection:

• For all y ∈ {1, . . . , C},
Qη,θ(y) = Bη

(
P θ
#φ(y)

)
,

with η a geodesic ray on P2(R)

Computation Complexity: O
(
LnyC(log(nyC + d))

)
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Correlation vs OTDD
Goal: Measure correlation between sliced distances and OTDD
→ Compare randomly sampled subdatasets + Spearman and Pearson correlations

2.0 2.5 3.0
SOTDD·102 (5000 projs)

280
285
290
295
300
305
310
315
320

O
T

D
D

ρS = 0.79, ρP = 0.77

2.0 2.5 3.0
SWB1DG·102 (5000 projs)

ρS = 0.92, ρP = 0.91

1.5 2.0 2.5
SWBG·102 (5000 projs)

ρS = 0.93, ρP = 0.93

MNIST

3 4 5 6
SOTDD·102 (5000 projs)

2180
2200
2220
2240
2260
2280
2300
2320
2340

O
T

D
D

ρS = 0.71, ρP = 0.72

2.0 2.5 3.0 3.5
SWB1DG·102 (5000 projs)

ρS = 0.87, ρP = 0.87

2.0 2.5 3.0
SWBG·102 (5000 projs)

ρS = 0.87, ρP = 0.88

CIFAR10
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Flowing Labeled Datasets

• Model datasets as P = 1
C

∑C
c=1 δνc ∈ P2

(
P2(Rd)

)
where νc = 1

n

∑n
i=1 δxc

i

• Flow a dataset P towards Q by minimizing a discrepancy D on P2

(
P2(Rd)

)
→ minimization problem on P2

(
P2(Rd)

)

Example

Let ψ( 1
C

∑C
c=1 δµn,c) = 1

nC

∑C
c=1

∑n
i=1 δ(xc

i ,µ
n,c) where µ

n,c = 1
n

∑n
i=1 δxc

i
.

→ D(P,Q) = SWB1DG(P,Q)
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Minimizing on P2

(
P2(Rd)

)
(Bonet et al., 2025b)

Goal: minimize F : P2

(
P2(Rd)

)
→ R

In practice: For Pk = 1
C

∑C
c=1 δµc,n

k
with µc,n

k = 1
n

∑n
i=1 δxc

i,k
∈ P2(Rd):

∀k ≥ 0, particle (image) i, class c, xci,k+1 = xci,k − τ∇WW2
F(Pk)(µ

c,n
k )(xci,k).

Pk: inter-class interaction, µ
c,n
k : intra-class interaction, xci,k image

∇WW2
F(Pk)(µ

c,n
k )(xci,k) = nC[∇F (x)]i,c with F (x) = F(Pk), x = (xci,k)i,c
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Synthetic Data
Goal: minimize F : P2

(
P2(Rd)

)
→ R

In practice: For Pk = 1
C

∑C
c=1 δµc,n

k
with µc,n

k = 1
n

∑n
i=1 δxc

i,k
∈ P2(Rd):

∀k ≥ 0, particle (image) i, class c, xci,k+1 = xci,k − τ∇WW2
F(Pk)(µ

c,n
k )(xci,k).

Let Q = 1
3

∑3
c=1 δνc , νc ring

min
P

F(P) = D(P,Q)
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∑3
c=1 δνc , νc ring

min
P

F(P) = D(P,Q)
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Conclusion

Conclusion:

• Studied geometry of geodesics on the Wasserstein space

• Studied the existence and computation of the Busemann function on the
Wasserstein space

• Defined new SW distances to compare labeled Datasets

• Also in the paper: SW distances to compare Gaussian mixtures

• Related to new sliced distances on Gaussian mixtures (Baouan et al., 2025;
Piening and Beinert, 2025a) and on P2

(
P2(Rd)

)
(Piening and Beinert, 2025b)

Perspectives:

• Applications to PCA on the Wasserstein space

• Extension to P2(Ld)

• Busemann along other curves (Gallouët et al., 2025)
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Conclusion

Thank you!
Paper: https://arxiv.org/abs/2510.04579
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Thomas O Gallouët, Andrea Natale, and Gabriele Todeschi. Metric extrapolation
in the wasserstein space. Calculus of Variations and Partial Differential
Equations, 64(5):147, 2025.

36/36

36/36



References IV
Jonathan Geuter, Clément Bonet, Anna Korba, and David Alvarez-Melis. DDEQs:
Distributional Deep Equilibrium Models through Wasserstein Gradient Flows. In
The 28th International Conference on Artificial Intelligence and Statistics, 2025.

Mina Ghadimi Atigh, Martin Keller-Ressel, and Pascal Mettes. Hyperbolic
Busemann Learning with Ideal Prototypes. Advances in Neural Information
Processing Systems, 34:103–115, 2021.

Benoit Kloeckner. A geometric study of Wasserstein spaces: Euclidean spaces.
Annali della Scuola Normale Superiore di Pisa-Classe di Scienze, 9(2):297–323,
2010.

Matt Kusner, Yu Sun, Nicholas Kolkin, and Kilian Weinberger. From word
embeddings to document distances. In International conference on machine
learning, pages 957–966. PMLR, 2015.

Khai Nguyen and Nhat Ho. Hierarchical Hybrid Sliced Wasserstein: A Scalable
Metric for Heterogeneous Joint Distributions. Advances in Neural Information
Processing Systems, 37:108140–108166, 2024.

Khai Nguyen, Hai Nguyen, Tuan Pham, and Nhat Ho. Lightspeed Geometric
Dataset Distance via Sliced Optimal Transport. In Forty-second International
Conference on Machine Learning, 2025.

36/36

36/36



References V

Moritz Piening and Robert Beinert. Slicing the Gaussian Mixture Wasserstein
Distance. Transactions on Machine Learning Research, 2025a. ISSN 2835-8856.

Moritz Piening and Robert Beinert. Slicing Wasserstein Over Wasserstein Via
Functional Optimal Transport. arXiv preprtint arXiv:2509.22138, 2025b.
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